Abstract. Let Σ be a Riemann surface with n distinguished points p 1 , . . . , p n . We prove that the set of n-tuples (φ 1 , . . . , φ n ) of univalent mappings φ i from the unit disc D into Σ mapping 0 to p i , with non-overlapping images and quasiconformal extensions to a neighbourhood of D, carries a natural complex Banach manifold structure. This complex structure is locally modelled on the n-fold product of a two complex-dimensional extension of the universal Teichmüller space. Our results are motivated by Teichmüller theory and two-dimensional conformal field theory.
Introduction
Let C be the Riemann sphere, D = {z ∈ C | |z| < 1} and D * = {z ∈ C | |z| > 1}. Non-overlapping univalent mappings are a natural object of study in geometric function theory and have been extensively researched, especially in connection with extremal problems and inequalities. If Σ = C with n distinguished points, then the class O qc (Σ) with the restriction that the maps have quasiconformal extension removed is referred to as the Goluzin-Lebedev class.
Non-overlapping maps with quasiconformal extension have also been studied a great deal, especially in the case of pairs of non-overlapping maps. The condition that the maps have quasiconformal extension usually results in sharpened inequalities. A recent review of the literature on non-overlapping maps can be found in [4] .
In the case of several variables, Forstnerič [3] showed that the set of holomorphic mappings of pseudoconvex domains into a complex manifold possesses a complex structure, for various choices of regularity of the mappings on the boundary.
In this paper we consider the problem of the existence of a complex structure on O qc (Σ). For compact Σ, this question is motivated by both Teichmüller theory and conformal field theory. In conformal field theory, a fundamental object is the rigged moduli space. This infinite-dimensional moduli space is the space of conformal equivalence classes of Riemann surfaces together with specified local coordinates at the n distinguished points (see [9] for details and references). In [9] we showed, by generalizing to elements of O qc (Σ) as the local coordinate data at the distinguished points, that this moduli space has a natural complex structure inherited from the infinite-dimensional Teichmüller space of Riemann surfaces with n boundary curves. Furthermore, our results in [9] suggested that the Teichmüller space of genus g Riemann surfaces with n boundary curves is fibred over the (finite-dimensional) Teichmüller space of n-punctured, genus g surfaces. The fibres are O qc (Σ), so these fibres should inherit a complex structure.
In this paper we show that O qc (Σ) possesses a natural complex structure arising from a different point of view. We construct this complex structure from a two-complex-dimensional extension of the universal Teichmüller space using recent results of Teo [10] . Interestingly, our construction does not have any apparent connection with the fact that the Teichmüller space of a Riemann surface with n boundary curves is contained in the universal Teichmüller space. Nevertheless, we suspect that these two complex structures are compatible, and we hope to settle the question in a future publication.
Preliminaries
In this section we summarize some known results about the Bers embedding which will be needed in the rest of the paper. Some of these results are standard, but we also rely on results of Teo [10] . Details can be found in [1] , [5] , [8] and [10] .
Using the normalizations in [10] and [11] we define the following function spaces:
is one-to-one, holomorphic, has quasiconformal extension to C,
and D = {f : D → C | f is one-to-one, holomorphic, has quasiconformal extension to C, 
Furthermore, µ ∼ ν if and only if the solutions f µ and f ν to the Beltrami equation on C with µ and ν extended to be 0 on D (normalized so that Remark 2.1. The normalization for D is not the usual one, but it is convenient in our setting.
Remark 2.2. In [10] and [11] , the space D is defined slightly differently: functions in D have range confined to C. This seems to be a minor oversight, since if D is to be identified with T (D * ), then the normalization f ′′ (0) = 0 cannot be imposed without allowing maps in D to take the value ∞.
The space D is a model of the universal Teichmüller curve T (D * ) of Bers [1, 10, 11] . Although the identification of T (D * ) with D will be directly used in this paper, the identification of T (D * ) with D will not be. However, some of the arguments in this paper regarding the complex structures of the spaces could equally well be phrased in terms of
Remark 2.3. By conformal welding one can make the identifications
and
where QS(S 1 ) denotes the set of quasisymmetric maps from the unit circle |z| = 1 to itself, and Rot(S 1 ) is the set of transformations z → e iθ z. In the Appendix (Section 4) it is shown that there is a natural bijection
which can be seen as the next step in this progression of removing normalizations from T (D * ). This fact is not used in the rest of the paper, but is an interesting point of interpretation.
We briefly outline how D and D can be mapped respectively into open subsets of the Banach spaces
Firstly, there is the "Bers embedding" of the universal Teichmüller curve:
Bers showed that the image of β is open [1] . Secondly, there is the injection defined bŷ
Using these injections we define metrics on D and D as follows. For Define maps
The importance of these maps stems from the identities Ψ • A = S andΨ •β = β. 
for some branch of logarithm and constant C (note f ′ = 0 and g ′ = 0 since they are univalent), so We now define an embedding of O qc into a Banach space: 
and f (0) = g(0) = 0. Thus the same reasoning as in the proof of Theorem 2.8 implies that f = g.
Since f ∈ O qc implies αf ∈ O qc for any α ∈ C * and A(αf
The last claim follows from the fact thatβ( D) is open by Theorem 2.8. 
is continuous.
A few results about the topology of O qc will be necessary. We will need the fact that point evaluation at z is a continuous map on D and O qc for any z ∈ D. We will also need a theorem to the effect that if f and g are nearby in D then f (S 1 ) is uniformly close to g(S 1 ), and similarly for O qc .
In order to do this we will make use of the Teichmüller metric, which is defined as follows. Let f and g be elements of D, where D is considered as a model for T (D * ). The Teichmüller distance between f and g is defined to be 
Note that, if K h denotes the maximal dilatation of a quasiconformal map h, then
wheref is a fixed quasiconformal extension of f andg are quasiconformal extensions of g to C. Proof. First, fix any K > 1 and R > 1. Consider the family of K-quasiconformal mappings of the disc |z| < R whose restriction to D is in D. This family is equicontinuous in |z| < R by [6, Theorem 4.2] , since the family omits ∞, and for any point z such that |z| < 1, f (z) is uniformly bounded away from ∞ by the growth theorem for univalent mappings of the disc. Now fix f ∈ D. Fix a quasiconformal extensionf of f , and let K > 1 be the maximal dilatation of f . Finally fix a K 1 > K. We claim that there is a δ 1 > 0 such that if d(f, g) ps < δ 1 then g has an extension with maximal dilatation less than K 1 . To see this, choose Möbius transformations T 1 and T 2 such that
By the compatibility of the Schwarzian metric d s on D and the Teichmüller metric τ in the form (3.1), there is a δ 2 such that d s (T 1 • f, T 2 • g) < δ 2 implies that T 2 • g has a quasiconformal extension to C with maximal dilatation less than or equal to K 1 . Since for any Möbius transformation T , post-composition by T does not affect the maximal dilatation of a quasiconformal map, and since S(T • f ) = S(f ), it follows that if ||S(f ) − S(g)|| 1,∞ < δ 2 then g has a quasiconformal extension of dilatation less than K 1 . Since Ψ is continuous by Theorem 2.6, and Ψ • A = S, the claim follows.
We now show that point evaluation is continuous in D for z ∈ D. First observe that the claim is immediate for z ∈ D since convergence in d ps implies uniform convergence in compact subsets of D. To prove the claim for x ∈ S 1 , fix f ∈ D and a quasiconformal extensionf ; thisf has maximal dilatation K for some K > 1. For K 1 > K, recall that the family F of mappings in D with quasiconformal extensions to |z| < R of maximal dilatation less than K 1 is equicontinuous in D by the first paragraph of the proof. This family includes f itself. Furthermore, the boundary values of g ∈ F do not depend on the choice of extension. We show that point evaluation g → g(x) is continuous at f . Choose a y ∈ D such that |g(x) − g(y)| < ǫ/3 for any g ∈ F ; this can be done by the equicontinuity of F . There is a δ such that d ps (f, g) < δ ⇒ |f (y) − g(y)| < ǫ/3. Shrinking δ if necessary, by the previous paragraph we may take δ so that d ps (f, g) < δ implies that g ∈ F . Thus
Since ∂D is compact, to prove the last claim of the Theorem it suffices to show that for any x ∈ ∂D and ǫ > 0, there is an open subinterval of ∂D containing x and a δ such that d ps (f, g) < δ ⇒ |g(y) − f (y)| < ǫ for all y in the interval. By the equicontinuity of F there is an open subinterval I of ∂D containing x and a δ such that for all y ∈ I, if g satisfies d ps (f, g) < δ then |g(y) − g(x)| < ǫ/3. Furthermore by the continuity of point evaluations, by shrinking δ if necessary we can ensure that |g(x) − f (x)| < ǫ/3. Thus another three-ǫ argument 
Since χ is continuous in its second component there is a δ 3 such that
Choosing δ to be the minimum of δ 1 , δ 2 and δ 3 , the claim follows from the estimate ||f
Definition 3.7. A map f : U → F is called Gâteaux holomorphic if f is holomorphic on affine lines. That is, if for all a ∈ U and all x ∈ E, the map z → f (a + zx) is holomorphic on {z ∈ C | a + zx ∈ U}. (1) f is holomorphic.
(2) f is Gâteaux-holomorphic and continuous. (3) f is Gâteaux-holomorphic and locally bounded on U.
Remark 3.9. In [5, Lemma 5.1 (i) p 206 ] it is stated that Gâteaux holomorphy is sufficient for holomorphy. In fact some further condition such as continuity or local boundedness is necessary.
In order to construct the complex structure on O qc (Σ), we will need the following Lemma, which says that composition on the left by a holomorphic map is a holomorphic operation on small neighbourhoods in O qc . 
The existence of a set U satisfying the hypotheses of the Lemma is established by Corollary 3.5. We now proceed with the proof.
Proof. Given the complex structure on O qc provided by Theorem 3.1, to show L h is holomorphic we must show that χ )) is holomorphic. We prove separate holomorphicity and apply Hartogs' theorem (a suitable statement in infinite dimensions can be found in [7] ).
It is clear that the map f
is holomorphic and continuous, so it remains to be proven that 
for univalent functions f satisfying f (0) = 0. Thus by Theorem 3.8 we need only show that this map is Gâteaux holomorphic. Choose f 0 ∈ U. We need to show that t → A(h • f t ) is a holomorphic curve in A 1 ∞ (D) for complex curves f t ∈ O qc of the following form: f t is the inverse image under χ of (A(f 0 ) + tφ, q(t)) where φ ∈ A 1 ∞ (D) and q is holomorphic in t with q(0) = f ′ 0 (0). Since χ is continuous and χ(O qc ) is open by Theorem 3.1, it follows that f t ∈ U for t in a small enough neighbourhood of 0. The explicit solution to this differential equation can be obtained in terms of φ, f 0 and q(t):
Note that for fixed z, f t (z) is holomorphic in t. Denoting differentiation with respect to t bẏ f t , this expression also implies thatḟ t ,ḟ ′ t ,f t andf ′ t exist and are holomorphic in z. Let f 0 ∈ U. Assume that we have a curve f t of the above form for t ∈ B, where B ⊂ C is some open neighbourhood of 0. Shrinking B if necessary, Theorem 3.3 guarantees that f t (D) ⊂ K for all t ∈ B; that is, f t ∈ U. Define
Denoting t-differentiation with a dot we then have that
It is easy to compute that
We will show that the right hand side goes to 0 as t → 0. By an elementary estimate
so it only need be shown thatα(t) ∈ A 1 ∞ (D) for t in some neighbourhood of 0 ∈ C. It is easily computed thaẗ
We claim that there exists an r > 0 and positive constants M 1 , M 2 , M 3 which bound f s (z),ḟ s (z) andf s (z) respectively for all z ∈ D and |s| < r. We know by Theorem 3.3 that there is a constant M 1 and r 1 > 0 such that |f s (z)| ≤ M 1 for |s| < r 1 and z ∈ D. Let r 2 and r ′ satisfy 0 < r 2 < r ′ < r 1 . Applying Cauchy estimates in the variable s using the curve |s| = r ′ we have that |ḟ s (z)| ≤ r ′ |f s (z)|/|r 1 − r ′ | 2 ≤ M 2 for some M 2 which is independent of z ∈ D and |s| < r 2 . The same argument again shows that there is an r > 0 and an M 3 such that |f s (z)| ≤ M 3 for |s| < r uniformly in z, so the claim follows.
Applying the Schwarz lemma to f t , we have that (1−|z| 2 )|f
for all |t| < r and z ∈ D. Since h is holomorphic on K and h ′ = 0, the factors (h ′′ /h ′ ) • f t etc. of each term in equation (3.2) are bounded by constants C 1 , C 2 and C 3 respectively, uniformly for z ∈ D and |t| < r. Applying these estimates to equation (3.2) we have
2 ) + C 3 M 3 which completes the proof.
We may now state and prove the main theorem. 
